In the framework of Berthelot's theory of arithmetic D-modules, we prove that Berthelot's characteristic variety associated with a holonomic D-modules endowed with a Frobenius structure has pure dimension. As an application, we get the lagrangianity of the characteristic variety of a log extendable overconvergent F-isocrystal.
denote formal schemes by curly or gothic letters and the corresponding straight roman letter will mean the special fiber (e.g. if X is a formal scheme over V, then X is the k-variety equal to the special fiber of X). When M is a V-module, we denote by M its π-adic completion and we set M Q := M ⊗ V K. By default, a module will mean a left module.
Convention and preliminaries on filtered modules
We use here the terminology of Laumon in [Lau85, A.1]. For instance, a filtered ring (D, D i ) is a ring D, unitary, non necessary commutative, with an increasing filtration indexed by Z. If there is no risk of confusion, we will simply say "complete" for "ind-pro-complete". In this section, (D, D i ) will be a complete filtered ring such that gr(D, D i ) is a left and right noetherian ring. 
(1.2.1)
By applying the functor gr to the exact sequences 1.2.1, we get that u is strict if and only if ker gr(u) = gr ker(u) and coker gr(u) = gr coker(u). If u is strict then we have also im gr(u) = gr im(u). With this definition of strictness, we check that the category of good filtered (D, D i )-modules is exact (see the definition in [Lau83, 1.0]).
Notation 1.4 (Localisation). Let f be a homogeneous element of grD. We denote by
the localized filtered module of (M, M i ) with respect to S 1 ( f ). We remind that 
Proof. This is almost the same as [Mal76, IV.4 
We go on similarly. 
(1.7.1)
Proof. 
Proof. From 1.5 and with its definition, there exists a good resolution 
is the same as that defined at 1.7.1, which is the first assertion of the third point. With the second point, this yields the rest of the third point. 
Purity of the characteristic variety of a holonomic F-D-modules
2.2 (Localisation and π-adic completion). Let X be an affine smooth V-formal scheme, X n be the reduction of X modulo π n+1 . We put
. These rings are canonically filtered by the order of the differential operators ; we denote by (D, D i ) and (D n , D n,i ) the (ind-pro) complete filtered rings. Let f be an homogeneous element of gr D and f n be its image in gr D n . With the notation of 1.4, by using the same arguments as in the proof of [Abe14, 2.3], we get the canonical isomorphism of (ind-pro) complete filtered ring
(2.2.1)
(be careful that this notation is slightly different from that of 1.4) as the π-adic completion of 
is complete for the π-adic topology. Hence, using 2.4.1 we get the canonical isomorphism of
Lemma 2.5. We keep notation 2.2. Let N be a coherent D 
Proof. We follow the proof of [Kas77, 2.11]: first, we can suppose X affine with local coordinates. We set 
X,Q )). Using the same arguments as above, there exists a
X,Q )) = / 0. We put h = f g.
X,Q -module, from Theorem A and B of Berthelot (see [Ber96,  3]), we get the equality Γ(X, Ext r
, then from 2.1 for any i < r we obtain Ext
On the other hand, from 2.1 we get for any i > r the inequality Codim(Ext
reducing D(h 0 ) if necessary (use again the remark 2.6), for any i > r we get Ext
To sum up, we have found an homogeneous element h ∈ gr D such that η ∈ D(h 0 ) and for
. From the exact sequence of universal coefficients (e.g. see the beginning of the proof of [Vir00, I.5.8]), we get the inclusion Ext
Hence, for any i = r, from the step 2) a) of the proof, we obtain the vanishing Ext
3) From steps 1) and 2), we have checked that 3 Lagrangianity for log-extendable overconvergent isocrystal Notation 3.1. Let f : X → Y be a morphism of smooth varieties. We denote by T * X (resp. T * Y ) the cotangent space of
Similarly as in the very beginning of [HTT08, E.2], we define the canonical 1-form α X of T * X that we will denote by α X ∈ Ω 1 T * X . If t 1 , . . . ,t d are local coordinates of X, we get local coordinates t 1 , . . . ,t d , ξ 1 , . . . , ξ d of T * X, where ξ i is the element associated with ∂ i , the derivation with respect to t i . In this local coordinate system, we get
Definition 3.2. Let X be a smooth formal scheme over V and X be its special fiber.
1. Let E be a subvariety of T * X. The restriction α X on E is denoted by α X |E ∈ Ω 1 E . As before Proposition [Kas77, 2.3], we say that E is isotropic if there exists an open dense subset U of E such that α X |U = 0. When X is purely of dimension d, we say that E is Lagrangian if E is isotropic and purely of codimension d. In general, we say that E is Lagrangian is the restriction of E on the irreducible components of T * X are Lagrangian in the previous sense. For instance, if Z is a smooth closed suvariety of T * X, then T * Z X is Lagrangian.
Let E be a coherent F-D †
X,Q -module. We say that E is Lagrangian (resp. isotropic) if Car(E) is Lagrangian (resp. isotropic). From 2.9, E is Lagrangian if and only if E is holonomic and isotropic.
We put Car(E) := ∪ n Car(H n (E)). We say that E is Lagrangian if for any integer n, the characteristic variety of H n (E) is Lagrangian, i.e. if Car(E) is Lagrangian. 
